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Abstract
Bargmann-Wigner equations and their solutions are studied in (3+1)-dimensional curved
spacetime. Fermion-Boson correspondence for bi-spinor case is studied through the Bargmann-
Wigner equations and solutions over curved spacetime. As an application to scattering phe-
nomena of massive Fermions and Bosons on the rotating black holes, the superradiance with
negative energy (ω < 0) and positive effective energy in co-rotating coordinate system near
horizon (ω − mΩH > 0) is possible to occur as stable physical states in Kerr spacetime.
1 Introduction
It is important to make clear the matter field dynamics in a curved spacetime for the astrophys-
ical observation and theory. As matter fields, Fermions and Bosons have different features in
one side and have mutually related features in other side. One of the important theoretical ob-
servation for scattering of matter fields is superradiant problem of Fermion and Boson fields
in the rotating black hole geometry. The superrsiant phenomena were studied not to occur for
Fermion fields [1, 2, 3] but to occur for Boson fields [1, 4, 5, 6, 7, 8] in (3+1)-dimensional ro-
tating black hole spacetime. The successive occurrences of superradiant phenomena for Boson
fields were studied to cause the serious problem of the instability of black holes especially in
Kerr geometry [4, 9, 10, 11]. Therefore the Fermion and Boson relation is one of the important
theoretical key to solve the cosmological problems including the superradiant problem.
As a kinematical relation between Fermions and Bosons, the field equations for the direct
product of spinor fields are studied to derive those for the higher spin states originally by
Bargmann and Wigner in flat Minkowski spacetime, which is known as the Bargmann-Wigner
(BW) equations [12, 13]. The BW formulation is expected to analyze the superradiant problem
as one of effective applications.
∗m.kenmoku@cc.nara-wu.ac.jp
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In this paper, we extend the BW equations in flat Minkowski spacetime to those in general
curved spacetime in (3+1)-dimensions. Explicitly we study the BW equations for bi-spinor
fields as the direct product of two spinor fields to obtain the Boson field equations for pseu-
doscalar and vector fields. In this approach, we obtain the consistent solutions for Fermion
fields in terms of Boson fields under the torsion free condition.
Applying the result to the superradiant problem, we obtained the result that spinor fields
as Fermi particles and pseudoscalar and vector fields as Boson particles should show the cor-
responding behavior in scattering problem in curved spacetime because they are related by the
BW equations. This means that both of them occur superradiant instability or both do not in
rotating black hole geometry.
In addition to this result, we will study the type of the superradiance; stable or unstable,
considering the co-rotating coordinate frame in Kerr spacetime and obtain the spectrum condi-
tion that the effective energy in co-rotating coordinate system near the outer horizon of black
hoke is positive: ω − mΩH > 0 . This result is compared with the general superradiant condi-
tion ω(ω−mΩH) < 0, the superradiance occur as ω−mΩH > 0 with ω < 0 for both Fermions
and Bosons. We call this as type 2 superradiance. The result is consistent with our previous
result in which the type 2 superradiant phenomena are studied as stable physical normalizable
states. The negative particle energy (ω < 0) is necessary because of the completeness relation
of matter fields and the type 1 superradiance (ω − mΩH > 0 with ω < 0) is not normalizable
physical states.
We note that in our previous paper, we derived current relations between spinor and scalar
fields to discuss the superradiant problem in asymptotic flat spacetime region of Kerr geometry
using the BW formulation [14]. In this paper we derive the direct relation of field equations
and solutions between Fermi and Bose particles in full spacetime region of general curved
geometry. We also note that, in this formulation, the mass of matter fields should be finite
because Fermion and Boson fields have different mass dimensions.
It is very interesting to note that, as one of massive pseudoscalar fields, axion fields is
important in the superradiant problem and one of the dark matter candidates [15, 16].
The organization of this paper is as follows. In section 2, the BW equations for bi-spinor in
flat Minkowski spacetime are extended to include scalar part as well as vector parts in (3+1)-
dimensional general curved spacedtime. In section 3, Fermion and Boson correspondence is
studied using the BW equations and solutions. In section 4, the superradiant problem is studied
in the co-rotating coordinate frame in general rotating spacetimes including Kerr geometry.
Summary and discussion will be given in the final section.
2 Bargmann-Wigner equations in curved spacetime
In this section, we derive the BW equations in general curved spacetime to describe the Boson
states consistently with the fundamental spinor states. For this purpose, we start to consider
the BW equations for bi-spinor fields in a local Minkowski spacetime attached to each point
of the general curved spacetime.
2
2.1 Bargmann-Wigner equations in local Minkowski spacetime
The B-W equations for the bi-spinor field Ψ(x)(BW) are written [12, 13]:
(γa∂a + M)αα′Ψ(x)
(BW)
α′β = 0,
(γa∂a + M)ββ′Ψ(x)
(BW)
αβ′
= 0, (2.1)
where γa and M denote the Dirac gamma matrices in a local Minkowski spacetime and a mass
of the bi-spinor field. The index a = 0, 1, 2, 3 labels the vector component in local Minkowski
coordinate system. We rewrite the BW equations (2.1) omitting spinor indexes α, β as
(γa∂a + M)Ψ(x)
(BW) = 0,
Ψ(x)(BW)(
←−
∂ aγ
a T + M) = 0., (2.2)
In order to avoid the transpose operation T in eq. (2.2), we introduce the modified bi-spinor
BW field defined as
Ψ(x) = Ψ(x)(BW)C−1, (2.3)
where C denotes the charge conjugation operator and the relation Cγa T C−1 = −γa is used.
Then we obtain the BW equations for the bi-spinor field Ψ as
(γa∂a + M)Ψ(x) = 0 ,
Ψ(x)(
←−
∂ aγ
a − M) = 0 . (2.4)
2.2 Relation between local Minkowski and curved spacetimes
In general curved spacetime, the gamma matrices with Roman indexes (a, b) and their algebra
are defined in local Minkowski spacetime [12, 17]:
{γa, γb} = 2 ηab , ηab = diag(−1, 1, 1, 1) . (2.5)
The gamma matrices with Greek indexes (µ, ν) and their algebra in general curved spacetime
are obtained through the local Minkowski spacetime:
γµ := e
µ
aγ
a ,
{γµ, γν} = 2 gµν , gµν = ea µ ea
ν , (2.6)
where e
µ
a and g
µν denote a vierbein (or tetrad) and the metric tensor.
For spinor fields ψ(x), they transform as scalars under general coordinate transformations
but as spinors under a local Lorentz transformation Λ(x)
ψ(x) → D(Λ(x))ψ(x) , (2.7)
where D(Λ) is the spinor representation of the homogeneous Lorentz group. A covariant
derivative for spinors is introduced as
Dµψ = (∂µ + Ωµ)ψ , (2.8)
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which is defined to transform under local Lorentz transformations like ψ itself: Dµψ(x) →
D(Λ(x))Dµψ(x) . The connection matrix Ωµ for spinors is written as
Ωµ =
1
4
ωab,µΣab , (2.9)
where ωab,µ is the spin connection and Σab = (γaγb −γbγa)/2 are the spin matrices representing
the generators of homogeneous Lorentz group. Then the covariant Dirac equation in general
spacetime is derived as
(γµDµ + M)ψ(x) = 0 , (2.10)
with the mass parameter M.
For vector fields Aν(x), they transform as vectors under general coordinate transformations
and their covariant derivative is defined as
∇µAν = ∂µAν − Γ
λ
νµAλ , (2.11)
where Γλνµ denote the affine connection.
The covariant derivatives for vierbeins with indexes of local Minkowski and general coor-
dinates are expressed as
Dµe
a
ν = ∂µe
a
ν + ω
a
b, µe
b
ν − Γ
λ
µνe
a
λ . (2.12)
The vierbein condition is imposed to determine the geometry:
Dµe
a
ν = 0 , (2.13)
which leads the explicit form of the spin connection
ωab, µ = g
νλeaν∇µe
b
λ. (2.14)
2.3 Bargmann-Wigner equations for bi-spinor and Boson fields in
curved spacetime
Next we consider the bi-spinor BW fields Ψ(x) as possible Boson states. The bi-spinor fields
transform under local Lorentz transformations as direct product of spinors from lefthand and
righthand sides as
Ψ(x) → D(Λ(x))Ψ(x)D−1(Λ(x)) , (2.15)
which define the covariant derivatives as
DµΨ(x) := ∂µΨ + ΩµΨ − ΨΩµ , (2.16)
where we take into account transpose symmetry relations: CΛTC−1 = −Λ and CΣT
ab
C−1 =
−Σab. Then the covariant field equations for bi-spinors are derived
(γµDµ + M)Ψ(x) = 0 , (2.17)
Ψ(x)(
←−
Dµγ
µ − M) = 0 . (2.18)
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We expand the bi-spinor field in a set of Boson fields as
Ψ(x) = aS (x) + bγ5P(x) + cγ
µVµ(x) + dγ5γ
µAµ(x)) +
e
2
ΣµνFµν(x) , (2.19)
where S , P,Vµ, Aµ and Fµν denote scalar, pseudoscalar, vector, axial vector and tensor fields
respectively. Coefficients a, b, c, d, e are determined to satisfy the BW equations (2.17) and
(2.18).
Subtracting these equations: (2.17) − (2.18), we find the set of relations among Boson
fields:
aMS (x) = 0, (2.20)
bMγ5P(x) + dγ5∇
µAµ(x) = 0, (2.21)
cMγµVµ(x) − eγ
µ∇ν(Fµν(x) − Fνµ(x)) = 0, (2.22)
e
2
MΣµνFµν(x) + cΣ
µν∇µVν(x) = 0 . (2.23)
Coefficient parameters are chosen to adjust the field mass dimensions:
a = 0, b = c = d = M2, e = −M, (2.24)
and independent field equations for Boson field relations are obtained from eqs. (2.20)-(2.23):
∇µ∂µP(x) − M
2P(x) = 0, (2.25)
∇µ(∇µVν(x) − ∇νVµ(x)) − M
2Vν(x) = 0. (2.26)
Other Boson fields are given by independent fields as
S (x) = 0, (2.27)
MAµ(x) = ∂µP(x), (2.28)
Fµν(x) = ∇µVν(x) − ∇νVµ(x). (2.29)
The sum of the BW eqs. (2.17)+(2.18) is calculated to be
(γµDµ + M)Ψ(x) + Ψ(x)(
←−
Dµγ
µ − M)
= 2M2(γµ∂µS (x) − ∇
µVµ(x) − γ5Σ
µν∇µAν(x)) + MΣ
µνλ∇µFνλ(x),
= 0, (2.30)
where the third rand anti-symmetric tensor of gammamatrices is denoted: Σµνλ = (γµνλ+γλµν+
γνλµ − γµλν − γνµλ − γλνµ)/3!. Here we should check the consistency between he independent
terms in the sum BW equations (2.30) and the subtraction BW equations (2.25)-(2.29). Using
the subtraction BW equations we can derive the following relations
γµ∂µS (x) = 0, (2.31)
M2∇µVµ(x) = [∇
ν,∇µ]∇µVν(X) = C
λ
,µν∇λ∇
µVν(x), (2.32)
Σµ ν∇µAν(x) =
1
2
ΣµνCλ,µν∂λP(x) , (2.33)
Σµνλ∇µFνλ(x) = Σ
µνλ(−R
ρ
λ ,µν
Vρ(x) +C
ρ
,µν∇ρVλ(x)) , (2.34)
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where Cρ ,µν = Γ
ρ
µν−Γ
ρ
νµ and R
ρ
λ ,µν
denote the torsion tensor and the Riemann curvature tensor.
The proof of the consistency equations (2.31)-(2.34) is given in Appendix A. The lower suffix
in the curvature tensor are totally antisymmetric because of the factor Σµνλ and the identity
relation holds
R
ρ
[λ ,µν]
= −∇[µC
ρ
,νλ]
−Cτ ,[µν C
ρ ,λ]τ , (2.35)
where the anti-symmetrized suffix notation in square bracket is defined:
A[µνλ] :=
1
3!
(Aµνλ + Aλµν + Aνλµ − Aµλν − Aνµλ − Aλνµ). (2.36)
In order to satisfy the sum of the BW equations, we require the torsion-free condition for the
background spacetime geometry:
Cρ ,µν = Γ
ρ
µν − Γ
ρ
νµ = 0. (2.37)
Inserting the independent Boson fields of pseudoscalar and vector fields in the bi-spinor
field expression in eq. (2.19), we find
Ψ(x) = M(M − γµ∇µ)(γ5P(x) + γ
νVν(x)), (2.38)
with the supplementary condition, which is from eq. (2.32) with the torsion free condition
(2.37),
∇νVν(x) = 0. (2.39)
The equation eq. (2.38) shows the direct relation between bi-spinor and Boson fields.
We note that the transpose operation with the charge conjugation C for pseudoscalar and
vector fields show even and odd properties respectively:
C[(M − γµ∇µ)γ5P(x)]
T C−1 = (M − γµ∇µ)γ5P(x),
C[(M − γµ∇µ)γ
νVν(x)]
T C−1 = −(M − γµ∇µ)γ
νVν(x). (2.40)
This even and odd property corresponds to their spins 0 and 1 for pseudoscalar and vector
fields respectively.
3 Fermion-Boson correspondence and spin structure
Next we will show to express bi-spinor fields as a direct product of two spinor fields. Then we
will derive the direct relations between spinors and Boson fields.
The general curved coordinate system is related to the local inertial coordinate system by
the vierbeins e
µ
a. The BW equations for bi-spinors in the local inertial coordinate system are
the Dirac type equations in eqs. (2.4) as
(γa∂a + M)Ψ(x) = 0, and Ψ(x)(
←−
∂ aγ
a − M) = 0.
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Firstly we consider the pseudoscalar case. The bi-spinor field can be obtained from the BW
solution in eq. (2.38) for the pseudoscalar field as
ΨP(x) = M(M − γ
a∂a)γ5P(x). (3.41)
An analytic pseudoscalar field P(x) can be expanded in the Fourier series with momentum ka:
P(x) =
∑
k
P(k) with P(k) ≡ ck exp(ik
axa), (3.42)
where ck is the expansion coefficients. For each plane wave P(k), the bi-spinor field can be
decomposed into sets of ket spinors and bra spinors as
|P(k) j > ≡ (M/2 − γa∂a)
√
2P(k)| j >, (3.43)
< P(k) j| ≡ < j|
√
2P(k)(M/2 −
←−
∂aγ
a)γ5, (3.44)
where the ket and bra unit spinors are the base of a complete set:
|1 >=

1
0
0
0
 , |2 >=

0
1
0
0
 , |3 >=

0
0
1
0
 , |4 >=

0
0
0
1
 , (3.45)
with Σ4
j=1
| j >< j| = 1. The ket and bra spinors defined in eqs.(3.43)-(3.44) satisfy the Dirac
equation of mass M/2:
(γa∂a + M/2)|P(k)
j >= 0 and < P(k) j|(
←−
∂aγ
a − M/2) = 0. (3.46)
Then we can read the energy and spin dependence for each ket spinor from the expression in
eq.(3.43) as
|P(k)1 > = (M + E)|u↑(k
a) >
√
P(k)/2,
|P(k)2 > = (M + E)|u↓(k
a) >
√
P(k)/2,
|P(k)3 > = (M − E)|v↓(−k
a) >
√
P(k)/2,
|P(k)4 > = −(M − E)|v↑(−k
a) >
√
P(k)/2, (3.47)
where spinors or anti-spinors are denoted by u and v, spins up or down are denoted by ↑ or
↓ respectively, and four momentum is denoted as ka = (E, k1, k2, k3). The charge conjugation
relates them as
C : γ2(|u↑(k
a) >)∗ = |v↑(k
a) > , γ2(|u↓(k
a) >)∗ = |v↓(k
a) > . (3.48)
Similarly for each bra spinor we obtain from the definition in eq. (3.44) as
< P(k)1| = −(M + E) < v↓(k˜
a)|
√
P(k)/2,
< P(k)2| = (M + E) < v↑(k˜
a)|
√
P(k)/2,
< P(k)3| = −(M − E) < u↑(−k˜
a)|
√
P(k)/2,
< P(k)4| = −(M − E) < u↓(−k˜
a)|
√
P(k)/2. (3.49)
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The ket and bra spinors are related by the transpose operation as
(|u↑(k
a) >)T =< u↑(k
a)| , (|u↓(k
a) >)T =< u↓(k
a)|, (3.50)
and similar to the anti-spinors. The modified four momentum in eqs.(3.49) is denoted as
k˜a = (E,−k1, k2,−k3). where the sign of momenta of k1 and k2 is changed due to the transpose
property of the gamma matrices: γ1 T = −γ1 and γ2 T = −γ2 to express bra spinors from
ket spinors. The explicit expression for the ket and bra spinors for psuedoscalar fields is in
Appendix B.
Using these spinors, the bi-spinor for the pseudoscalar field is recovered:
4∑
j=1
|P(k) j >< P(k) j|
= {(M + E)2(|u↑(k
a) >< v↓(k˜
a)| − |u↓(k
a) >< v↑(k˜
a)|)
+(M − E)2(|v↓(−k
a) >< u↑(−k˜
a)| − |v↑(−k
a) >< u↓(−k˜
a)|)}P(k)/2,
= M(M − γa∂a)γ5P(k), (3.51)
where we have used the field equation for the psuedoscalar field (2.25) and the identity rela-
tion:
(γa∂a + M)
2γ5P(x) = 2M(γ
a∂a + M)γ5P(x). (3.52)
From the spinor decomposition equation (3.51), we can recognize that direct product of spinors
and anti-spinors forms a spin 0 pseudoscalar field.
In the parallel way, we can confirm that the direct product of spinors and anti-spinors forms
a spin 1 vector field, whose proof is in Appendix C.
Therefore the BW formulation is a kind of dynamical realization of algebraic direct prod-
uct representation of rotation group:
1/2 ⊗ 1/2− = 0− ⊕ 1−, (3.53)
where the numbers and the minus sign show the magnitude of spins and their parity.
Based on the BW formulation, one of the important statements on the Fermion-Boson cor-
respondence is the superradiant problem in the black hole background geometry. If the Bose
particles behave like superradiant instability, the Fermi particles should behave like superradi-
ant instability too, and vice versa under the Fermion-Boson correspondence.
In the next section, we shall study to make clear the superradiant problem for both of Fermi
and Bose particles in the view of particle spectra.
4 Spectrum condition in co-rotating coordinate system
and superradiant problem
4.1 Spectrum condition in co-rotating coordinate system
In this subsection, we try to derive the spectrum condition for Fermi and Bose particles around
rotating geometry as radiant phenomena. The (3+1)-dimensional spacetime is assumed to be
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stationary and axially symmetric for which the metric tensors are independent of the time t
and the azimuthal angle φ. The invariant length is expressed in the polar coordinate as
ds2 = gtt(r, θ)dt
2 + 2gtφ(r, θ)dtdφ + gφφ(r, θ)dφ
2 + grr(r, θ)dr
2 + gθθ(r, θ)dθ
2. (4.1)
In order to study the co-rotating coordinate system, which is locally non-rotating observer
system [18, 19], we make to diagonalize the t − φ part of the invariant length:
ds2t−φ = gttdt
2 + gtφdtdφ + gφφdφ
2 ≡ gt¯t¯dt¯
2 + gφ¯φ¯dφ¯
2, (4.2)
where t¯ and φ¯ denote the time and azimuthal angle in co-rotating coordinate system respec-
tively. The local co-rotation coordinate system and the general rotation spacetime are related
by the linear transformation:
(dt¯, dφ¯) = (dt, dφ)U, (4.3)
and the metric tensors are related as
G¯ =
(
gt¯t¯ 0
0 gφ¯φ¯
)
= U−1G(UT )−1 , G =
(
gtt gtφ
gtφ gφφ
)
(4.4)
with the transfer matrix:
U =
(
1 X(r, θ)
Y(r, θ) 1
)
, (4.5)
where the diagonal element is set to one as our normalization and elements X, Y are to be
determined taking account of their mass dimensions dim[X]=1, dim[Y]=-1.
As to the expressions for the transfer matrix elements, X is chosen to obtain the local
co-rotating coordinate system adjusting the angular velocity of rotating spacetime [18, 19]:
X = −Ω(r, θ) = gtφ(r, θ)/gφφ(r, θ), (4.6)
where Ω(r, θ) (:= dφ/dt) denotes the angular velocity of spacetime. From and the G¯ and G
relation of eq.(4.4) and the co-rotating condition of eq.(4.6), we obtain another matrix element
as
Y = 0, (4.7)
and the t − φ part of the invariant length is
ds2t−φ = (gtt −
g2tφ
gφφ
)dt2 + gφφ(dφ +
gtφ
gφφ
dt)2 (4.8)
In addition to the coordinate forms, the differential operators are introduced to form an
invariant quantity:
dt∂/∂t + dφ∂/∂φ = dt¯∂/∂t¯ + dφ¯∂/∂φ¯, (4.9)
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where the differential operators transform as
(∂/∂t¯, ∂/∂φ¯) = (∂/∂t, ∂/∂φ)U. (4.10)
Because metric tensors are independent of the time t and the azimuthal angle φ, the t−φ factor
of matter fields is the exponential form as
Φ ∝ exp (−iωt + imφ), (4.11)
where the matter field Φ stands for bi-spinor fields Ψ, pseudoscalar fields P, vector fields Vµ,
spinors, and anti-spinors explained in the previous sections. The notations ω and m denote the
frequency as a field (the energy as a particle) and azimuthal angular momentum respectively.
Applying the differential operator to matter fields of the form eq.(4.11), the invariant quantity
of eq.(4.9) becomes
−ωdt + mdφ = −ω¯dt¯ + m¯dφ¯, (4.12)
where
ω¯ = ω + Xm , m¯ = m. (4.13)
As to the stationary and axially symmetric spacetime, the reflection symmetry on t − φ part
holds: (dt, dφ) → −(dt, dφ). And by this symmetry, the reflection symmetry on the spectrum
also holes:
(ω,m)↔ −(ω,m), (ω¯, m¯) ↔ −(ω¯, m¯) (4.14)
in general rotating geometry and in co-rotating coordinate system respectively. On the fre-
quency, one side of the spectra is physical modes and other is unphysical modes. The physical
normal modes are half of the full spectrum and the physical modes in co-rotating coordinate
system are chosen as
ω¯ > 0, (4.15)
which naturally connect the non-rotating coordinate systems. We call the spectrum condition
for the radiant processes in the rotating spacetime.
For the explicit expression for the metric tensors, we take the Kerr metric, which is
gtt =
1
ρ2
(−∆ + a2 sin2 θ), gtφ =
a sin2 θ
ρ2
(∆ − (r2 + a2))
gφφ =
sin2 θ
ρ2
(−a2 sin2 θ∆ + (r2 + a2)2), grr =
ρ2
∆
, gθθ = ρ
2 (4.16)
with
∆ = r2 + a2 − 2MBHr, ρ = r
2 + a2 cos2 θ, (4.17)
10
where MBH and a denote the mass and angular momentum per unit mass of the black hole.
1
Near the outer horizon r = rH := MBH + (M
2
BH
− a2)1/2, the spectrum condition becomes
ω − mΩH > 0, (4.19)
where ΩH = a/(r
2
H
+ a2) denotes the angular velocity of black hole near the horizon. 2 As
another understanding of the spectrum condition (4.19), we can express the radial part of the
wave function as
Φradial ≃ exp [−i(ω − mΩH)r∗], (4.24)
where the radial tortoise coordinate [21] is defined dr∗ = (r
2 + a2)∆−1dr and the radial mo-
mentum is denoted by ω − mΩH as the positive value is for in-going wave to the black hole.
Therefore we analyze the superradiant problem under the consideration of the spectrum con-
dition relating the role in the frequency ω and the radial momentum ω − mΩH in the next
subsection.
4.2 Superradiant problem
The superradiant problem is one of the longstanding problems and is still important nowadays.
In this subsection, we study the superradiant problem taking account the Fermion-Boson cor-
respondence and the spectrum condition.
1We note that the geodesic motion of a particle shows the Coriolis force in an asymptotic region:
dφ¯→ dφ − 2aMBHdt/r
3, (a, 2MBH ≪ r), (4.18)
which support our choice of co-rotating coordinate system of eq.(4.6).
2 It is noted that another interesting choice of co-rotating coordinate system is to put the angular velocity with the
horizon condition (∆ = 0) to the matrix element in the Kerr metric:
X′ = −Ω′ = gtφ/gφφ |∆=0= −a/(r
2 + a2), (4.20)
where the new choice of co-rotating coordinate system is denoted by the prime suffix. In this choice, new coordinate
system is obtained as
Y′ = (X′gφφ − gtφ)/(X
′gφt − gtt) = −a sin
2 θ,
dt′ = dt − a sin2 θdφ, dφ′ = dφ − adt/(r2 + a2), (4.21)
and matrix tensors are
g′tt = −∆/ρ
2, g′φφ = sin
2 θ(r2 + a2)2/ρ2. (4.22)
This coordinate system becomes the Boyer-Lindquist coordinates [20]:
ds2t−φ = g
′
ttdt
′2 + g′φφdφ
′2
= −∆(dt − a sin2 θdφ)2/ρ2 + sin2 θ((r2 + a2)dφ − adt)2/ρ2. (4.23)
The metric condition on the horizon is the same form as in eq.(4.19) in this co-rotating coordinate system.
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For the Bose particles, the superradiant condition was derived from the current conserva-
tion near the rotating black hole horizon [1, 4, 5, 6, 7, 8]:
ω − mΩH < 0 with ω > 0, (4.25)
which we call the type 1 superradiance. Especially for the small rotating black hole and the
positive incident particle energy, the superradiant instability are studied to occur under the
condition of (4.25) [4, 9, 10, 11]. As we pointed out in the previous subsection in eq.(4.14),
the particles have the reflection symmetry on the spectrum (ω,m)→ −(ω,m), there is another
superradiant possibility:
ω − mΩH > 0 with ω < 0, (4.26)
which we call the type 2 superradiance. The type 2 superradiant condition is consistent with
our spectrum condition in eq.(4.19).
On the other hand, for Fermi particles, the type 1 superradiance has been studied not to
occur [1, 2, 3]. One of the reasons is the spectrum region of type 1 is occupied by the Fermion
particles and cannot realize in this spectrum region because of the Fermi statistics. We note
that there is another possible superradiant spectrum region of type 2, because this spectrum
region is not occupied and possible to occur.
We also note that the type 2 superradiance is possible for both Bose and Fermi particles and
the result is consistent our previous study on Fermion-Boson correspondence and the spectrum
condition. The type 2 superradiance is the necessary and stable spectrum modes because of
the reflection symmetry with respect to ω and m. As black holes would not recognize particles
as elementary or composite, the similar radiative behavior for the Fermi and Bose particles to
black holes is desirable based on the Fermion-Boson correspondence.
5 Summary and discussion
We have studied the interacting relations of matter fields with the curved spacetime. We ob-
tained the Bargmann-Wigner formulation on general curved spacetime, which describe the
bi-spinors as pseudoscalar and vector fields consistently as in eq.(2.38) under the torsion-free
condition in eq.(2.37) for the background spacetime geometry. We also derived the direct re-
lations between Fermi (spinor and anti-spinors) and Boson (pseudoscalar and vector) fields
via bi-spinor fields. The spin structures show that the BW formulation is a kind of dynamical
realization of the representation under rotation group as quark and anti-quark system forms a
π- and ρ- mesons as in eq.(3.53). Following this Fermion-Boson correspondence, we investi-
gated the field spectrum around the rotation black hole and obtained the spectrum condition
ω − mΩH > 0 in eq.(4.19) for both Boson and Fermion fields in the co-rotating coordinate
system as locally non-rotating observer (4.6). We also applied these results to the superradiant
problem in the Kerr spacetime geometry and obtained the result that the type 2 superradiance
is possible to occur as ω − mΩH > 0 with ω < 0 in eq.(4.26).
These results are consistent with our previous research works based on the BW formulation
[14] and the quantum field theory [22] in (3+1)-dimensional spacetime and the BTZ spacetime
in (2+1)-dimension [23, 24].
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The type 2 superradiance is the positive radial momentum (ω − mΩH > 0) with negative
energy (ω < 0) modes. We can interpret this phenomenon of the annihilation of anti-particle
with negative energy into a black hole as the creation of particle with positive energy from
the black hole. This process can be expressed by the Bogoliubov transformation for Fermi
particles:
Uθ = exp [θ
∑
α+β=0
(aαbβ − b
†
β
a†α)], (5.1)
where aα, bβ denote the particle, anti-particle annihilation operators with positive or negative
quantum number α = −β = (ω,m, . . . ) respectively under the spectrum condition (4.19). The
mixing parameter θ is proportional to the angular velocity of the black hole ΩH. The dressed
anti-particle operator is obtained by the pair creation effect as bˆβ := UθbβU
†
θ
= cos θ bβ +
sin θ a†α. The annihilation of the anti-particle into black hole shows that the creation of particle
with positive energy from the black hole as
Hbˆβ|0 >= sin θ ω a
†
α|0 >, (α + β = 0), (5.2)
where the Hamiltonian operator is H =
∑
ω(a†αaα − b
†
βbβ) and the vacuum represents the
black hole state as bβ|0 >= 0. Similarly the annihilation of particle with negative energy into
a black hole can be interpreted as the creation of anti-particle with positive energy from the
black hole.
For Boson particles, the mixing angle should be replaced: sin θ → sinh θ in eq.(5.2). By
this mechanism, the energy can be transferred to Fermi and/or Bose particles from rotating
black holes. This is known as the Penrose mechanism to extract the black hole energy in the
ergo region [25].
Combination the type 2 superradiant modes (ω − mΩH > 0 with ω < 0) and standard
normal modes (ω − mΩH > 0 with ω > 0) forms a complete set of physical normal modes
both for Fermion and Boson independent of elementary or composite particles [22].
Acknowledgements
Author would like to give thanks to Professor K. Shigemoto for his encouragement and dis-
cussions to this manuscript.
Appendix
A Proof of the consistency equations (2.31)-(2.34)
We shall show the consistency equations step by step in the following.
1 The proof of equation (2.31)
The equation γµ∂µS (X) = 0 is simply by the equation S (x) = 0 in eq. (2.27): .
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2 The proof of equation (2.32)
For the general tensor field T ρσ(x), we can show the relation:
[∇ν,∇µ]T
ρσ(x) = −R
ρ
λ,µν
Tλσ(x) − Rσλ,µνT
λρ(x) +Cλ,νµ∇λT
ρσ(x), (A.1)
where Cλ,νµ is the torsion tensor. Setting the index parameters as ρ = µ and σ = ν, we
obtain
[∇ν,∇µ]T
µν(x) = Cλ,νµ∇λT
µν(x). (A.2)
Identifying Tµν = ∇µVν(x) in this formula
M2∇µVµ(x) = C
λ
,µν∇λ∇
µVν(x), (A.3)
the equation (2.32) is proved.
3 The proof of equation (2.33)
From the expression for the axial vector Aµ(x) in eq. (2.28), we obtain
2Σµν∇µAν(x) = [∇µ,∇ν]P(x)
= Σµν(Γλµν − Γ
λ
νµ)∂λP(x). (A.4)
Using the relation Γλµν − Γ
λ
νµ = C
λ
µν, we have proved the equation (2.33).
4 The proof of the equation (2.34)
From the expression for tensor field in eq. (2.29), we obtain
Σµλτ∇µFλτ(x) = Σ
µλτ[∇µ,∇λ]Vτ(x). (A.5)
Using the formula [∇µ,∇λ]Vτ(x) = −R
ρ
τ,µλ
Vρ(x) +C
λ
,µν∇λVσ(x), we get
Σµλτ∇µFλτ(x) = Σ
µλτ(−R
ρ
τ,µλ
Vρ(x) +C
λ
,µν∇λVσ(x)). (A.6)
Because of the factor Σµλτ the lower suffix τ, µ, λ in R
ρ
τ,µλ can be totally antisymmetrized,
and the equation (2.34) has been proved.
B The ket and bra spinors for psuedoscalar fields
Gammamatrices in local inertial coordinate system (flat Minkowski spacetime) is represented:
γ0 = −i
(
I 0
0 −I
)
, γa =
(
0 −i~σ
i~σ 0
)
, (B.1)
where ~σ stands for Pauli matrices.
For ket spinors defined in eq. (3.43), the explicit matrix expression is obtained as
(M/2 − γa∂a)
√
2P(k)| j > = (M − iγaka)| j >
√
P(k)/2,
=
 M + E −~σ · ~k
~σ · ~k M − E
 | j > √P(k)/2, (B.2)
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where P(k) = ck exp (ik
axa) in eq.(3.42). From this expression we can read each component
of the ket spinors and anti-spinors in eqs. (3.47) as
|u↑(k
a) > =

1
0
k3/(M + E)
(k1 + k2)/(M + E)
 , |u↓(k
a) >=

0
1
(k1 − ik2)/(M + E)
−k3/(M + E)
 ,
|v↓(−k
a) > =

−k3/(M − E)
−(k1 + k2)/(M − E)
1
0
 , |u↑(−k
a) >= −

−(k1 − ik2)/(M − E)
k3/(M − E)
0
1
 , (B.3)
where spinors u and anti-spinors v are charge conjugation pair each other defined in eqs.(3.48).
For bra spinors defined in eq. (3.44), the explicit matrix expression is obtained as
√
2P(k) < j|(M/2 −
←−
∂aγ
a)γ5 = < j|(M − iγ
aka)γ5
√
P(k)/2,
= − < j|
 −~σ · ~k M + E
M − E ~σ · ~k
 √P(k)/2. (B.4)
Here we know that the ket and bra relation is u↑(k
a) → −v↓(k˜
a) and u↓(k
a) → v↑(k˜
a) by the
effect of the operation γ5. The modified four momentum k˜
a is explained below eq. (3.49).
Then we obtain the expression for bra spinors in eq. (3.49).
C The ket and bra spinors for vector fields
For the vector fields in the curved spacetime, we can set up a local inertial coordinate system
similar to the pseudoscalar case. The BW solution for the vector fields is from eq. (2.38) as
ΨV (x) = M(M − γ
a∂a)γ
aVa(x). (C.1)
The analytic solution for the vector fields can be expanded in Fourier series,
Va(x) =
∑
k,I
ǫ
(I)
a (k)V(k)
(I) with V(k)(I) = d
(I)
k
exp (ikaxa), (C.2)
where ǫ
(I)
a (k) and d
(I)
k
with (I = 1, 2, 3) denote three independent polarization vectors and
expansion constants respectively. And for more simple treatment we choose a co-moving co-
ordinate frame, where fields are at rest, that is ka = (M, 0, 0, 0). The supplementary condition
eq.(2.39) is now kaǫ
(I)
a (k) = 0 and three independent solutions are simply obtained:
ǫ
(1)
a = (0, 1, 0, 0), ǫ
(2)
a = (0, 0, 1, 0), ǫ
(3)
a = (0, 0, 01). (C.3)
The bi-spinor ΨV (x) is decomposed into the ket and bra spinors, which are defined:
|V(k)(I, j) > ≡ (M/2 − γa∂a)
√
2V(k)(I)| j >, (C.4)
< V(k)(I, j)| ≡ < j|
√
2V(k)(I)(M/2 −
←−
∂aγ
a)γaǫ
(I)
a . (C.5)
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If we use the explicit form of unit spinors (3.45), we obtain non vanishing components of ket
spinors common for I = 1, 2, 3 as
|V (I, j=1) >= M
√
2V(k)(I)|uˆ↑ >, |V
(I, j=2)| = M
√
2V(k)(I)|uˆ↓ >, (C.6)
where the unit ket spinors are:
|uˆ↑ >= (1, 0, 0, 0)
T , |uˆ↓ >= (0, 1, 0, 0)
T , (C.7)
where T denotes the transpose operation. And we obtain non vanishing components of bra
spinors as
< V (I=1, j=1)| = iM
√
2V(k)(I=1) < vˆ↑|, < V
(I=1, j=2)| = −iM
√
2V(k)(I=1) < vˆ↓|, (C.8)
for ǫ
(I=1)
a and
< V (I=2, j=1)| = M
√
2V(k)(I=2) < vˆ↑|, < V
(I=2, j=2| = M
√
2V(k)(I=2) < vˆ↑|, (C.9)
for ǫ
(I=2)
a and
< V (I=3, j=1)| = −iM
√
2V(k)(I=3) < vˆ↑|, < V
(I=3, j=2| = −iM
√
2V(k)(I=3) < vˆ↑|, (C.10)
for ǫ
(I=3)
a , where the unit bra spinors are:
< vˆ↑| ≡ (0, 0, 0, 1), < vˆ↓| ≡ (0, 0, 1, 0). (C.11)
Using these ket and bra spinors, the bi-spinor for the vector fields is reconstructed as
4∑
j=1
|V(k)(I=1, j) >< V(k)(I=1, j)| = i2M2(|uˆ↑ >< vˆ↑| − |uˆ↓ >< vˆ↓|),
= M(M − γa∂a)γ
bǫ
(I=1)
b
V(k)(I=1) (C.12)
for ǫ
(I=1)
a and
4∑
j=1
|V(k)(I=2, j) >< V(k)(I=2, j)| = 2M2(|uˆ↑ >< vˆ↑| + |uˆ↓ >< vˆ↓|),
= M(M − γa∂a)γ
bǫ
(I=2)
b
V(k)(I=2) (C.13)
for ǫ(I=2)a and
4∑
j=1
|V(k)(I=3, j) >< V(k)(I=3, j)| = −i2M2(|uˆ↑ >< vˆ↓| + |uˆ↓ >< vˆ↑|),
= M(M − γa∂a)γ
bǫ
(I=3)
b
V(k)(I=3) (C.14)
for ǫ
(I=3)
a . These expressions of spin structures in the product of spin 1/2 spinors show that
they form three components of spin one vector fields.
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